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ones. They appear as a certain limit of a nearly extreme 5-dimensional AdS Kerr 
black hole. In the special case, the metrics reduce to the homogeneous Einstein 
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gave an inhomogeneous Einstein metric on CP^JJCP^. 
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1 Introduction 



Anti-de Sitter (AdS) spaces have attracted renewed interests after the AdS/CFT corre- 
spondence conjecture P, which relates the properties of the supergravity on AdS and 
those of the strongly coupled gauge theory on the AdS boundary. For example, the 
Hawking-Page phase transition j2] between AdS and AdS Schwarzschild black holes was 
interpreted as the phase transition between confining and deconfining phases of the 
dual gauge theory. Motivated by this, the study of AdS black holes has been extended in 
various directions. Among them, AdS Kerr black holes with two angular momenta in 5- 
dimensions, as well as ones with one angular momentum in d-dimensions were constructed 
in i. 

On the other hand, an inhomogeneous Einstein metric on CP^jjCP^ was constructed 
by Page This metric is of cohomogeneity one with principal orbits S^. It was obtained 
as a certain limit of the 4-dimensional de Sitter black hole together with the Wick rotation. 
It should be emphasized that this metric is the first example of inhomogeneous Einstein 
metrics. Furthermore, Bohm proved the existence of an infinite series of Einstein metrics 
of cohomogeneity one with positive scalar curvature on {5 < N < 9) and S"^^"*"^ x S^^ 
(5 < Ni + N2 + 1 < 9, Ni > 1, N2 > 1) 6J. 

Combining these two observations, we explicitly construct new Einstein metrics with 
positive scalar curvature on sphere bundles, applying the method developed in j51 to the 
5-dimensional AdS Kerr black hole with two angular momenta and the (i-dimensional 
AdS Kerr black hole with one angular momentum constructed in 1^ . In summary, we will 
construct 

• an infinite series of Einstein metrics on S*^ x and 5*^ x (the non-trivial S'^-bundle 
over S"^) parameterized by a pair of integers {ki, k2). The bundle type depends on 
the parity of A;i + ^2; It is trivial if ki + ^2 is even, and is non-trivial otherwise. 
When ki 7^ k2, the metrics are inhomogeneous (see Theorem 1). When ki = k2, 
they are homogeneous Einstein metrics on x (see Theorem 2). 

• an inhomogeneous Einstein metric on S'^xS'^^'^, the non-trivial S''^~^-bundle over S"^ 
(see Theorem 3). 

It should be noticed that the metrics on S'^xS^ in Theorem 1 obviously are not 
included in the case of Bohm's existence theorem and that the metrics on S"^ x are 
apparently different from the ones which are proved to exist in [6^ . The metrics in Theorem 
2 coincide with the homogeneous Einstein metrics on M^'[, circle bundles over CP^ x CP^ 
studied by Wang and Ziller [7|. The metric in Theorem 3 is of cohomogeneity one with 
principal orbits x S'^~'^ if c? > 5. In the case of d = 4, it reproduces the Page metric 
on S'^xS^ = CP^^CP^ with principal orbits S^. 
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This paper is organized as follows. In section 2, we apply the method to the 5- 
dimensional AdS Kerr black hole with two angular momenta, and obtain the first class 
of the Einstein metrics. We will derive the second class of the Einstein metrics from the 
d-dimensional AdS Kerr black hole |4j with one angular momentum in section 3. 



2 5-dimensional Einstein Metrics 

The 5-dimensional Euclidean de Sitter (dS) Kerr metric may be extracted from the 
Lorentzian AdS Kerr metric ^ by the substitution 1 1— >■ —ir, a i— ^ —ia, b ^ —i(3 with 
/ ^ -il (AdS ^ dS), 

a sin^ 6 , 



A, 

9^ = -a 



where 



dr 



/3cos2^,i2 Agsin^e 
— # H 



+ 



Af) cos^ e 



1 - rH' 



^2_^2 2 

Pdr H — dip 

Ep J 

af3dT + — ^ ( 



adr H — 



— 



n 2 



+ ^ !=r^ dip 



(2.1) 



P 

A, 



-- 1 ~ a^l^ cos^ 9 - p^l^ sin^ 9 (2.2) 

with parameters Sq, = 1 — a^/^ and = 1 — f3'^t^. The radii of the horizons are given by 
the roots of = 0. If there is a double root rg, the black hole becomes an extreme black 
hole, in which the number of the free parameters reduces. The parameters tq, M, Sq, and 
are written in terms of / and the dimensionless parameters 

z/i = a/ro, 1^2 = P/ro, (2.3) 



as+ 



Mo 



■^0 

' — 'a 



1 - uful 



L2 - uf 



1/2 



1 - 



2(2 - uf - 



^2 



,2 ' 



■^0 

-13 



z/|(l - ufui^ 



1 - 



(2.4) 



■''The suffix is added for extreme parameters. 
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In terms of these parameters, we have 



A, = -(r-ro)'A(r), 
A(r) = l(r + ro)2(/V-i/2^,2)_ 



(2.5) 



Let us consider a nearly extreme black hole; it has two horizons located at r = ri = 
tq — e and r = r2 = tq + e, where the parameter e represents a small deviation from the 
extreme black hole. In the region between two horizons, ^{e) = {r\ri < r < r2}, we 
introduce a new radial coordinate x (0 < X ^ ^) by 



The A. 



where 



r = To — e cos x- 
[r — ri)(r — r2)A(r) restricted to ^{e) is then given by 
A^ = e'^A{ro)sm^x + 0{e^), 



A(ro) 



4(1 + i^jul + v\vl - 'iv\vl) 



We consider the limit £ of the metric 1)2.11) in the region ^(e). In this limit, the term 
proportional to A^ vanishes and so leads to a singularity of the metric. To avoid this, we 
define a rescaled time coordinate 



(2.6) 



(2.7) 



(2i 



£A(ro) 



rl{\ - vl){\ - vl) 
It is also convenient to define the azimuthal angles 



+ 



-r, 02 = + 



r. 



(2.9) 



(2.10) 



The new coordinates (r/, x, 0i, 02, i 
£ ^ 0: 



are then well-behaved local coordinates in the limit 



dr 

P'' ' 
Ag sin^ e 



a sin^ 9 



— ^ d-'ip 



adr + 



r — a 



-/3 
2 1 2 



A(ro) 



sin^ 



(2.11) 



Pi 



2\2 



-A° sin^^ 



4z/i(l - z/|) . 2 X , " 

— ^ — sm —dn 

SO (l-z/?)A(ro) 2 



:2.12) 



A,cos2^^r , 

■ pdT H — dip 



P^ 



-/3 



Ml - vl 



id) 



j.2p2 



a/3dT + — ^ d(f) + — ^ dtp 



sin^ 9d(l)i + 



=/3 J 

^ COS 0d(j)2 



■ sin —dn 



if) 



^dr- 



Pi 



A(ro) 



where 



Po 



r^(l-z/i^cos^^-i/^sin^ 9), 

2„ 2/1 I ,2 •„2 



1 



1 - 7/2 7/2 

'^l ^^2 / 2 2 /i , 2 ■ 2 n\ 

'vi COS + sm e*). 



Z/2 - Z/| 



Finally, we obtain a metric with two parameters ui and 1^2 

2 

^ = h'^{9)d9^ + ^ aij (^)cu* ® J + 52(^)^52. 

Here, 5152 represents the standard metric on 5"^, 

9s^ = dx^ + sin^X(^?7^- 
The 1-forms a;' (i = 1, 2) are defined by 

d%l)i + /cjcos x^Ty, 



a; 



where 



(1 - z/f )A(ro) 1 + + ^^I'^^l - 3^/1^2 ' 
4z/2(l - ^2(1 - - vl - vlvl) 



,2,, 2 ' 



and are introduced as 



(1 - z/|)A(ro) 1 + K^i + - 



4>i = ^(^i + hv)- 



The metric components are found to be^ 

cos^ 9 -U2 sin^ 6* 



AS 



(2.14) 
(2.15) 
(2.16) 

(2.17) 
(2.18) 



(2.19) 



(2.20) 



(2.21) 



(2.22) 



(2.23) 



(2.24) 



^The metric is symmetric with respect to the exchange {ipijUi) (V'2,t'2)- Taking account of this 
symmetry, we often discuss only the one side. 
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an 



022 



2S0 / 1 - zy2 cos2 - z/f sin^ e 



Z/n \ 2 COS^ 



2S" / 1 - cos2 e - z/| sin' 



2 _ _ ^2 sm 

AO cos-. 



(2.25) 
(2.26) 



'z/iz/2(l - uf)\l - z/2)2^ sin-.cos-. 
- 4-0-0(2 - - ul 
I — jyf cos- 6 — vl sin- 9 



^ 4-0-0(2 - z/2 _ j,2) ji_^,2^os2.-i.|sin-.' ^^■^'^^ 

(2.28) 



A(ro) 

It is straightforward to calculate the Ricci curvature. We find that ()2.19|) is the Einstein 
metric with the scalar curvature 20(1 — z/-z/|)/(2 — uf — z/|). In the following, we shall 
consider three cases for two parameters Ui and z/2; 

Case A uf, > 1 and ^ z/|, 
Case B < z/-, z/| < 1 and uf ^ v\, 
Case C v\ = v\^v. 

These conditions ensure that singularities of the Riemannian curvature disappear, and fur- 
ther the metric components are non- negative, i.e., the eigenvalues of ajj are non- negative 
and /i-, 6- > 0. 

Next, we consider the condition to avoid orbifold singularities, which restricts the 
range of the angles [6,1^1) and the parameters fcj. We calculate the determinant 

Now clearly 6 = 0, it/ 2 are zeros of the determinant and so the range of 6 must be restricted 
to < < n/2. The singularities at 6* = 0, 7r/2 are removable bolt singularities. Indeed, 
near the boundaries the metric behaves as 

1 - z/- , ,„o 1 
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^-{de^ + -e^dtPl) + gL, for .^0, (2.30) 



and 



-0 ' 4 

a 



"'-{dq-9r + \{l-9rdi.l)+g,,^ fore^^, (2.31) 



■^0 

-13 



where 



9L,^ = au{n/2){d^i + kicosxdvf + b\n/2)gs2, (2.32) 
9L,^ = a22{0){d^2 + k2cosxdv)^ + b\0)gs2. (2.33) 

Thus these singularities are removable provided that the ranges of ipi [i = 1, 2) are chosen 
to be < < Air. In this range, {6,ipi/2) as 6 and (7r/2 - 6,ip2/'2) as 6 ^ 7t/2 are 
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the usual polar coordinates on M^. We also demand that ki is integral (see eqn. ()2.22|) ). 
then the 1-forms Ui = dipi + cos xdv are identified with connections on the lens spaces 
Lfc. = L{ki, 1) = S^/T^ki, and each ki represents the first Chern number (or the monopole 
charge) as a circle bundle on 5*^. This yields that the manifolds near the boundaries are 
X Lfc., which collapses onto {point} x Lk at the boundaries. 

Remark 1. There exists a nontrivial root of = 0, 



other than ^ = and 7i/2. In order to avoid curvature singularities, we restrict 6q to be 
in the region < 6q < n /2 and the parameters (z/i, z/2) in the following region: 

Case D z/| > 1, z/|(l + z/f) < 2 or z/| < 1, z/|(l + z/^) > 2, 
Case E > 1, ufi^l + < 2 or < 1, ufi^l + z/|) > 2. 

Then, the metric is regular if we choose the range as < < for the case D, and 
9q < 9 < Ti /2 for the case E. However one can not resolve the orbifold singularity at the 
boundary 9 = 9q like the cases A, B and C. 

Having constructed the Einstein metric locally, we now proceed to the global issue for 
the cases A, B and C. It is known that there are two inequivalent classes of 5'^-bundles 
over 5*^. The S^-bundles over S*^ = U {D± denote hemispheres) are obtained by 
attaching x and D_ x 5*^ as 

X e D+r\D_ = S\ ^ : ^ SO{N + 1). (2.35) 

They are classified by [7] G 7Ti{S0{N + 1)) = Z2. Globally our metrics ()2.19|) can be 
regarded as those on S^-bundles over S^. 

We will discuss the cases A, B and C separately below. 

Case A 

We can write the metric (jTTTI|l with (jT^ - fjT^ as 

2 

gu,u, = h\9)d9^ + ciiji9W ® + b\9)gs2, (2.36) 



where 



,9 1 — cos^ 6* — z/n sin^ 9 

h = 1 2.37 

1 — /if cos^ 9 — sm 9 



1 f Ml- z/|)(2 - - vl) V cos^ 9 - vl sin^ 9) sin^ 9 

4 V 1 + v\vl + vlv^ - "ivlvl ) 1 - cos2 9 - vl sin^ 9 ' 
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If Ml- vl)(2 - v\ - vl) y (1 - vl cos' 9 - sm' 9) cos' 9 
'''' 4 V 1 + + yly^ - 'i^l^l ) \-vl cos' 9 - vl sm' 9 ' ^ ^ ^ 
^ - vl)\\ - ulf{2 - ul - vl) sm' 9 cos' 9 

4(1 + uful + uful - 3uful)' 1 - uf cos' 9 - i/| sin^ 9' ^ ^ ^ 



(2 -uf-ui){l- v\ cos' 9 - vl sin^ i 
4(1 + v\vl + z/2z/| - "ivlvD 



(2.41) 



with 



= ,2 '"L /^2= , . \;2 • (2.42) 

'^l '^2 '^l '^2 



The metric ()2.36p can be regarded as one on the associated S''^-bundle of the principal 
T^-bundle over S' with the Euler classes ikxM) ^ H'^^S' ,7L)®' = %®TL. The invariant 
[7] G Z2 of the S^-bundle is given by 

[7] = ki + k2 mod 2. (2.43) 

The connection u = ui'^ ® u' is given by 

= d^i + cos xdr], < < An/lkil, (2.44) 

where we have rescaled the torus angles as ipi 1-^ kiipi- 
Summarizing the consideration above, we state 

Theorem 1. Let Vi and he real numbers in the region vf,vl > 1 and v' 7^ z/| 
together with the integral conditions; 



- ul){2 - ul - ulup 
1 + yfvl + z/^i^l — 3z/^i^| 

1 + yf^l + ^1^2 ~ "^^1^2 



'^l - 1 , .,4, ,2 , ,,2, ,4 Q,,2,,2 ' l^-'i-'J 



^2 = 1 , „4„2 ^ „2„4 q„2„2 ^ (2-46) 



where {ki,k2) G Z © Z. Then, {guiU2} gives an infinite series of inhomogeneous Einstein 
metrics with positive scalar curvature 20(1 — z/2z/|)/(2 — uf — z/|) on S^-bundles over S'. 
If the integer ki + ^2 is even (odd), then the bundle is trivial (non-trivial). 

Remark 2. The region ui > 1, z/2 > 1 is mapped diffeomorphically onto the region 
ki > 0, /c2 > 0, /ci + ^2 > 2 by ()2.45p and ()2.4(ij) . Hence, there exists the unique pair 
(z/i,z/2) for each {ki,k2) e S, S = {{ki,k2) eZ®Z\ki^ ±k2,ki ^ 0, A;2 ^ 0}. For 
example, they are numerically evaluated as 

(i) {k,, k2) = (1, 2), (z/i, z/2) = (3.31133, 2.14921), 

(ii) (fci, k2) = (1, 3), (z/i, U2) = (7.68872, 3.06769), 
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(iii) {ki, k2) = (2, 3), (i/i, z/a) = (5.85109, 4.13646). 



Remark 3. In the limit {ui, 1/2) = (z/i, 00), the metric tends to 

2 sin^ 6* 2 cos^6' 2 sin^ 6^ 
9uioo = dO H —[di)i + cos xdri) H H —9s^^ (2.47) 

after the rescahng vlg —>■ g. When we make a modification of the range of ipi, 

1 + 

< ^1 < 47r/|A;i| I — >0<ipi<47c, {ki = -) (2.48) 

^1 

then ()2.47p represents the standard metric on S^. 
Case B 

The parameters ui and 1^2 are restricted to < z/^, z/| < 1 and z/^ 7^ z/|. By ()2.22|) we 
find that < \ki\ < 2 {i = 1,2), hence there are two possibihties for {\ki\, \k2\) under the 
integral condition*: (i) (|A;i|, l^sl) = (1,0), and (ii) (|A;i|, l^al) = (2,0). 

The case (ii) corresponds to (z^i, z/2) = (±l,z/2). The corresponding Einstein metric 
fl2.19|) is independent of z/2 and coincides with the standard S'^-metric after a modification 
of the angle = 2tjji {0 < tpi < An): 

g = d9^ + ^ sin^ d{d^i + cos xdvf + ^ cos^ Odipj + ^ sin^ Ogs^- (2.49) 

One can show that the analysis remains true even if the range is extended to 1^2 > 1. 

In the case (i), we have {1^1,1^2) = (i^jO). Then, the Einstein metric ()2.19|1 is of the 
form 

l-icOS^e 2 /7\21-icOs2^ 2 , ,2 

+i cos^ edi>l + ^(1 - J (2-50) 

which gives a metric of cohomogeneity one with principal orbits S'^ x S^. The principal 
orbits collapse to S*^ x S*^ at = and x {point} at 6 = tt/2. Globally the metric can 
be regarded as one on the non-trivial S^-bundle over S"^. In section 2, we will construct 
Einstein metrics on S'^-bundles over S"^ (see Theorem 3), generalizing the metric ()2.50j] 
to higher dimensions. 

Case C 

When we put ui = 1^2 = ly, the metric ()2.19j) is" 

9u = de'+ J2 «^^(^)^' ® + ifUrn^^^' (2-51) 



^Remember that the metric is symmetric under (^1, vi) ^ {ip2, ^2) 
"We have rescaled the metric as '^'^^ g g. 
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where 

sin^^ 



an = 4(2 + ^2) (2 + '^'cos'^)> (2-52) 
a22 = if^(2 + ^^sin^^), (2.53) 

,2 



= — ^ — r- sin^ ^ cos^ (2.54) 

/I/O I - -Z \ 



4(2"+ z/' 

The 1-form cu^ © c<j^ is a connection on the T^-bundle over S*^, locally written as 



cu* = rfV'i + kcosxdv {0<tpi< 47r). (2.55) 
Here the coefficient k is evaluated as 

k-i^. (2.56) 

by using (|2.22j) . and it is required to be G Z. In this case the T^-bundles collapse to 
the same lens space Lk at each boundary. Notice that by introducing the Maurer-Cartan 
forms of SU(2) 

(Ti = 2 COS ^ d9 — sin ^ sin^cos^(c??/'i — (i'02); (2.57) 
(72 = —2 sin ( ] ^6* — cos | j g^j^ g g(^dipi — dip2) , (2.58) 



2 

(T3 = sin 

edipi + cos"^ 9dij2, (2.59) 
the fiber metric of ()2.51|1 can be rewritten as 

gp = d9^+Y,(^ijiWi®d^P, = -{al + ai) + —^—^al (2.60) 

i,j=l 

which reveals the SU(2) isometry of the metric. 

Theorem 2. Let Vk be real numbers satisfying k = i/fe(z/| + 2)/(2z/| + l) G Z. Then, {g^^} 
gives an infinite series of homogeneous Einstein metrics with positive scalar curvature 
20(l + z/|)/(2 + z/|) onS^ x S\ 

proof. By the coordinate transformation, 

a = 29, /? = l(z^2-^i) and t= ^(z^i + z^2), (2.61) 



the metric takes the form 



1. , 2_. • . 2 + Z/2 

1 



9uk = 7 {da'^ + sin^ adp"^) + {dx^ + sin^ xd^' 



\2 



f— — ^((it + COS + /c COS xc^^) , (2.62) 

2 (2 ~t~ z^' J 

10 



which represents a Kaluza-Klein metric on the total space M^'| of the circle bundle over 
CP^ X CP^ with Euler class e = kai + 0:2, where ai and 02 are generators in H'^{CP^ x 
Cpi; Z) = Z © Z. The space M^^'^ is diffeomorphic to 5^ x j^. □ 

Remark 4- There exists the unique real number z/^ for each A; G Z. The value of is 
explicitly given by 



i[aV3_8(3_2A;2)a-V3 + 4^]^ 



a = -36k + 64P + 12^96 - 183A;2 + 96k* 
for k > 0, and z/_jt = —Uj^. 

Remark 5. In the case z/q = 0, the metric coincides with the product metric on 5^ x S^: 

= d9^ + ^ sin^ ed^l + ^ cos^ Odipl + (2.63) 

On the other hand, in the limit Uk —>■ ±00 {k ±00), the fiber of S'^xS^ ^ S'^x S"^ 
collapses, and the metric tends to the product Riemannian metric on S*^ x 5^ which is 
not Einstein: 

/ sin6'cos6'\ ^ „ 1 , ^ 

go. = d9'+i J d^pl + -gs2 (2.64) 

with ip^ = ipi — il)2- 



3 (i- dimensional Einstein Metrics 

The AdS Kerr black hole in d-dimensions {d > 4) was constructed in It can be 
straightforwardly transformed to the Euclidean form, 

, , « . 2 /I 7 , \ 2 Ag sin^ 9 , , — «^ , , , 2 
gd = — ;r("T — — sm Ud(p) H [adr -\ — d(p) 

+-^dr'' + -^de^ + r^cos^egs^-4, (3.1) 

where gs^-i is the standard metric on 5''^"^ with the positive scalar curvature (d— 4)((i— 5), 
which is Einstein^, and 



p2 = r^-a^^os^^, (3.2) 
A, = {r^ -a^){l-l\^)-2Mr^-'^, (3.3) 
Ae = l-a¥cos^^ (3.4) 



The sphere metric gs''-'^ can be replaced by gMj_^, where gM^^^ is an arbitrary Einstein metric on 
a (d — 4)-dimensional manifold with the positive scalar curvature {d — 4)(d — 5). 
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with the parameter S = 1 — a'^l^. We find that there exists a double root tq of = 0, 
when the following condition for the parameters is satisfied: 



Mn 



d-3- {d-5)u^ 
_d-l- (d-3)z/2 

d-1- (rf-3)z/2 



1/2 



-1 



d-3 - (rf- 5)z/2 
d-1- {d-3)u^ 



1 - 



z/2(rf - 3 - (rf - 5)z/2 



(3.5) 

(3.6) 
(3.7) 



rf-l-(d-3)z/2 ' 

where we have introduced a dimensionless parameter u = a/vQ. Then, takes the form 



A(r) 



-(r - ro)^A(r), 
1 



rd—5 



,Co + Cir-\ h Cd-sr 



d-3\ 



where 



-i-5 



Cd-5 

Cd-4 
Cd-3 



d-l-{d-3)u^ ° 
2d - 8 - 3(rf - 5)z/2 + {d- 5)u^ 



{0 <i <d-6), 



d-l-{d-3)iy^ 



2ro/^ 



(3.8) 
(3.9) 

(3.10) 

(3.11) 

(3.12) 
(3.13) 



The remaining procedure is completely parallel to the one in the section 2; consider a 
nearly extreme black hole, and take the limit £ — > 0. Actually we define new coordinates 
(?7, X, 0i) instead of (r, r, 0) as 



ro - e cos X, 
£A(ro) 



r2(l - z/2; 



+ 



rr — 



(n = ro - e). 



(3.14) 
(3.15) 

(3.16) 



where A(ro) can be calculated by ()3.9|) : 

~, , (d-5)(rf-3)z/4-2(rf-l)(d-5)z/2 + (d-l)(d-3) 
A(ro) = 



(3.17) 



d-l-(rf-3)z/2 

In the limit e — 0, we find a one-parameter family of (i-dimensional Einstein metrics 

3 



= h\0)d0^ + + b\d)9s'i- 



(3.18) 



i=l 
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with the positive scalar curvature d{d — l){d — 3 — {d — 5)z/^)/ {d — 1 — {d — 3)z/^). Here 
(T* {i = 1, 2, 3) are 1-forms defined by 

= cos ip dx + sin ip sin xdr], (3.19) 

= — sin-?/'dx + cos?/'sinx(i?7, (3.20) 

cr^ = dip + k cos xdf], (3-21) 

with (pi = + krf) and 

. = M^-i-(rf-%^) 

(rf-5)(rf-3)z/4_2(rf-l)(rf-5)z/2 + (rf-l)(rf-3)' ^ ' 

The metric components are found to be 

,9 1 — z/^ cos^ 6^ 

^ = 1 2 2^' 3.23 

1 — fi^ COS'' 6 

1 — z/^ cos^ 6 

ai = a2 = ^ , 3.24 

A 

z/^ ^ ^ 1 — /i^ COS^ 9 . 2 



where 



4\1 — /i"'/ 1 — z/^ cos"' t' 
^2 = cos^^, (3.26) 



2 _ {d - - {d - 
^ - rf_i_(rf_3)^2 ' 13.20 

and A is given by ()3.17|) . 

To avoid singularities, we will assume < z/^ < 1. In this range, yU^ and k are 
monotonously increasing functions with respect to v. Then, we have < /x^ < 1, —2 < 
k <2 and A > {d > 4). By the analysis similar to section 2, the ranges of angles must 
be restricted a.s0<6<^, 0<ip< An, < x < vr and < rj < 27t. If we impose 
that A; G Z, the 1-form can be regarded as a connection on the lens space L^. Taking 
account of the inequality \k\ < 2, we have 

(i) \k\ = 0, (ii) \k\ = 1, (iii) \k\ = 2. 

The case (i) corresponds to z/ = 0, and then the metric ()3.18|1 gives the product metric 
on 52 X 

go = -1_ (((ji)2 + (^2^)2^ + _^ i sin^ Odtp^ + cos^ egsa-i. (3.28) 

The case (iii) corresponds to v = ±1, and then the metric ()3.18j) is the standard 
S''^-metric after a modification of the angle ip ~^ 2-?/'; 

g^^ = de^ + ^sin^ 9 {{(x^)^ + {(ry + {(T^y) +cos^ 9gs^-4. (3.29) 
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In the case (ii), the 1-forms cr* {i = 1, 2, 3) are identified with the Maurer-Cartan forms 
of SU(2). Thus the metric is of cohomogeneity one with principal orbits x S'^~'^. The 
orbits collapse to 5*^ x 5"^"'' at 6' = and to x {point} at ^ = tt/2. Hence, the total 
space is the unit sphere bundle of the vector bundle H © W^^^ over S"^, where H is the 
Hopf bundle and M"'"'^ is the trivial bundle of rank d — 3. Since the second Stiefel- Whitney 
class W2iH®W^-^) = W2{H) ^ in H'^{S'^- Z) = Z2, the space is S^xS'^~'^, the non-trivial 
5"^~^-bundle over S"^. 



Theorem 3 Let v he a real number satisfying z/^ < 1 and 

Au{d-1 - {d-5)u'^) 
{d -5){d- 3)i/4 - 2{d ~l){d- 5)z/2 + {d-l){d- 3) 



±1. (3.30) 



Then gives an Einstein metric with positive scalar curvature on S'^ "^xS"^, which is the 
non-trivial S'^~'^ -bundle over S"^ . 



Remark 6. For (i = 4, this result reproduces the Page metric on CP^jl^^P^. In this case 
the principal orbits are 5''^, the range of 9 is extended to < ^ < vr and the metric has 
Z2-symmetry about 6 = 7r/2. For d = 5, this represents the metric ()2.5U|) . 
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